
30. Probability

Table 30.1. Some common probability density functions, with corresponding characteristic functions and
means and variances. In the Table, Γ(k) is the gamma function, equal to (k − 1)! when k is an integer.

Probability density function Characteristic
Distribution f (variable; parameters) function φ(u) Mean Variance σ2

Uniform f(x; a, b) =

{
1/(b− a) a ≤ x ≤ b

0 otherwise

eibu − eiau
(b− a)iu

a+ b

2
(b− a)2

12

Binomial f(r;N, p) =
N !

r!(N − r)! p
rqN−r (q + peiu)N Np Npq

r = 0, 1, 2, . . . , N ; 0 ≤ p ≤ 1 ; q = 1− p

Poisson f(n; ν) =
νne−ν

n!
; n = 0, 1, 2, . . . ; ν > 0 exp[ν(eiu − 1)] ν ν

Normal
(Gaussian)

f(x;µ, σ2) =
1

σ
√

2π
exp(−(x − µ)2/2σ2) exp(iµu− 1

2σ
2u2) µ σ2

−∞ < x <∞ ; −∞ < µ <∞ ; σ > 0

Multivariate
Gaussian

f(x;µ, V ) =
1

(2π)n/2
√
|V |

exp
[
iµ ·u− 1

2u
T V u

]
µ Vjk

× exp
[
−1

2 (x−µ)T V −1(x− µ)
]

−∞ < xj <∞; −∞ < µj <∞; detV > 0

χ2 f(z;n) =
zn/2−1e−z/2

2n/2Γ(n/2)
; z ≥ 0 (1− 2iu)−n/2 n 2n

Student’s t f(t;n) =
1√
nπ

Γ[(n+ 1)/2]
Γ(n/2)

(
1 +

t2

n

)−(n+1)/2

— 0
for n ≥ 2

n/(n− 2)
for n ≥ 3

−∞ < t <∞ ; n not required to be integer

Gamma f(x; λ, k) =
xk−1λke−λx

Γ(k)
; 0 < x <∞ ; (1− iu/λ)−k k/λ k/λ2

k not required to be integer
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